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Assumption of incompressibility:

0=v-V=1:vV=1:symv® V]

Simple material (First-gradient material)

Power per unit volume:

=T :sym[v® V]

Incompressible fluid ( 7 is dissipated):

T =Tp(symv® V])+Tp

TRI—p]_

The pressure p is a scalar reaction field

Linear isotropic behaviour (Newton, Navier-Stokes):

Tp(sym[v ® V]) = 2n sym[v ® V]

Important observation of St-Vénant (1869):

The description of complicated flows may need the inclusion of higher
velocity gradients

This implies that the material behaviour contains a characteristic length



Second-gradient fluid:
T=T: vV+T: . vV®V

Incompressibility additionally implies:
0=V(v-V)=1:veVaV

— 0= (qV)(vV)=18q:- vaVeV =sym*[10q] :- v@ VeV

Constitutive equations:

T = Tp(veaV,vaVeV)+Tg
T = TD(V®V,V®V®V)+TR

Four scalar reaction fields: p,q



A trivial example: Flow down an inclined plane
Linear isotropic case

Simple fluid:

The scalar reaction field p is unique

Second-gradient fluid:

The scalar reaction field p+2q -V is unique
The vector field q is almost arbitrary. If q is chosen then p is known
The stress fields T and T are not unique

So the situation is unsatisfactory



Remedy: Recourse to the weakly compressible fluid

Split of the first velocity gradient into a deviatoric and a spherical part

1
v®V:(v®V)*+3(v-V)1 with (veV) :1=0

Equation of continuity
a ®
Q.E£+V'(VQ):—Q(V°V) — v.V=-2

1 40°
—Q(V®V>*-VQ—|- ¢

V(v-V)=—--(Vp)
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Viscous stresses

Representation theorems of the general hemitropic constitutive laws

T, =symlay (v-V)1+a;vRV+age: v VR V]

T, = sym[23][oz31®V(v-V)+O;(V(V-V)®1+1®AV)+045AV®1

+@6V®V®V+Q7V®V®V+a9e-sym[v@VH

We disregard the underlined coupling terms and obtain isotropic behaviour

£

T, = azsym|(v ® V)] — <a1 - 042) .

3

T, = Sym[zg][O;H@(V@V)*-V+oz5(v®V)*-V@l
+ag (vOV) @V+a; (VRV) ®V

1 40°
(Vo) = ~(V® V) Vo+ -5

1
‘|‘<043+a4—|'a7—|—%>1®(—g 0 3@2
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VQ)

+(O;4 + Og’)( — ;(V@)' - ;(V ®v)" - Vot ;lg;vg) ®1]

A material that is completely characterized by these viscous constitutive
laws would have a strange behaviour: Given a constant state of stress, it
could change its volume without limit



Elastic stresses

Therefore we assume, that a deviation of the mass density o from some
value gy is accompanied by a storage of elastic energy

ow ow
=w(o,|Vo|), w'=—_"0"+-5+Vo
(0,17 S+ oIV
with
0°'=—01: vV
. Vo
Vo :—\VQ\(lJre@e):V®V—Qe-V(V-V), ezw

The power of the elastic stresses per unit volume is then

=T, vV+T,.: vV®V=ow’

We infer 5 9
w w
T, = 0’1 — Vol(1+
"0 ¢ 3!%!@’ clft+ece)
ow
T, = 0 Symp?’} 1®e
- d|Ve| 1o
Let |0 — 00| and |Vg| be small, so that the following quadratic form is
appropriate
K 2 2 2
w = 2@3((@ —00)’ + L*|Vo])
K: modulus of compressibility, L: characteristic elastic length

The stresses become linear in ¢ — gy and |V | if the underlined higher
order term is disregarded and p is approximated by g

K
Te — _7(9_ QO)]-
90
KIL?
T, = ——sym®[1 ® V|

00



Total stresses

We choose a parallel connection of the elastic and viscous stresses in the
sense of Kelvin-Voigt

T=T,+T., T=T,+T.

Moreover, we define the scalar field

K
=—(0—0
Qo( O)

and the two retardation times corresponding to the second and third order
constitutive equation
1 3
lo = —, t3 =
'TK T KI?

The denominators p in the viscous stresses are replaced by gg. So we arrive

at

T = ay sym[(v ® V)*} — ((;}2( +t2>u' - u>1

T = symp?’]logll@(v@V)*.V+a5(v®V)*~V®1+&6(V®V)*®V+a7(V®V)*®V

KlL? (% + % + %)) ( — (Vu)* = (Vev) - Vu+ Zﬁ(,u'Vu) — Vu)

+1® L2 ((tg +

—1—11((054 + %) ( —(Vu)* = (Vev)" - Vu+ ?:‘;{u’Vu) ® 1]



Limiting process to the incompressible fluid

There will hardly be any real material that is totally incompressible. How-
ever, the modulus of compressibility K may be very high so that only
small changes of mass density will occur.

We let K tend towards infinity. The stresses and hence the values of u can
only remain finite if X' — oo implies 0 — py. We obtain

T =sym|as (VR V)| — pl
T = Sym[23]{0541®AV—|—O(5AV®1—|—046V®V®V

+a7V®v®V+1®2q}

with
p=tu®+u

2q = —L* (t;;((Vu)' +(Vev)- Vu> + Vu)

Now, the fields p and q do not represent four unknown scalar functions
but are derived from only one scalar function w. This makes it possible
to obtain information on the internal stresses, the surface tension and the
forces acting on fixed boundaries that is not available with the classical
approach.



Result if L is one third of the fluid thickness

Note: We study strictly isochoric motions. No viscoelastic volume change
is allowed. Nevertheless, the limit from the weakly compressible case allows
the reduction to one function w. Its contribution to the stresses makes
use of three viscoelastic constants L, t9, t3 which describe the behaviour
under volumetric changes, although these changes were eliminated by our
limiting process.



Thank you for your attention!

Homepage:
krawietz.homepage.t-online.de

This lecture:
krawietz.homepage.t-online.de/GRK-12-2023.pdf



